
. Probability 915 ( 목) → probabliity density functio.

PCx7 dx
Pa on PCakrepresent the microstate either discrete or continoous

1 Probabillty that me commonly encounter in Natore

ㅣGaussian P ( x) =

2π 0.

'

e
-

2 %:

poisson Pule)= n
et

N !
BinomialdistribreionBN( m) = dmbu

- m .
m

! ( au - ms !

'
. Loventzian P (x )

=2 π(x-x.
)

β + (T/2
. - bellshaped

long - t aled
'

Fla- p (x) - Const

Property
. 임xP ( x) 의 동 Pa= 의 - . vow mali sayion

. The mean * = < x) = fdx . xp (x)

. The mean square < x2 ) = Sdy . x
. Pp( x

" Variance ⇒ <x2 > - < x)
.

2 σ =
,
< X2 > - Sx >고

standand

deviation

*Cumuldtive density functTon
.

[ CDF )

CCx) = Tdx ,p ( x') → Monotoni cally in creajing
.

s PCacacs ) = Clb) - C ca ) = faldx ' Plx ' )
(x-%)

=

EX ) P (x ) =πe - 2 .= ⇒

(
<x ) = fox x . p(x ) = xo

xr. 0
. ,

"

x

1 = oss
< x2 > = 6.

2
+ X
.

2

.

. . δ = 0
.

46- σ > Trve only for Gaussian
.

m Tcrostate
.

free
pacyicle, assumeflaypros: P ( x)= i π s Maximall φ

s 7 Coonter ex ) 4 O = 0
. 29 L

,
A = 0

.

58 # 0
. 68
.featoeless

-별 : 야



I ancreased
,

Ron - interacting Particle
.

numbens to N

. Suppose We ane intereseed in Covrelated macroscopic quantifies

soch as the centen of mass indirecy 1 y
,
Somehow relayed

.

≡
x1 +λz ← … + x1N

N

. Tw o things happen ① AS N +∞
,

precision increasesasδ/k
"

"

Central himiy Theorem [
② eim Pr (x) → Gaussian P(x )

Iry ∞ even if
cf ) whay is big enoosh naumbertoberegardasinfibity : N =

3
. 4 … .i

sometimes eneugh
. Schemati C diagran (N = 2 )
^ x = 0 . longest ( p max imized ) P /x) f. o N =2

⇌ 「
Xi + xz = 24 - fixed .

⇒
~

x70 cxco ) : deaaeases ineauly
「 '

Ʃ ㅓ '
ㅇ

÷

( (0 = 3 )

다있쁜데 더 Λ
…

ㆁ

x

( : ) For N pacyides
,

( x 7
.
= fup
"

dx… .dxo P(* ) …P(*) [ * ×*1…
. exx ]

= π 닭!" dx. P 미x=) xE =

(π
. N (x) = (∞>

Sx >

( il < x2)
o

= fur"dx … d4 . P(x ) …P(xx )/*"
* 더…exx | 전개해서 정리 )

=

N
- Jy"

d.

P
(4 : ) +,( 일 ) 이*% "dx

,

P(x : ]P( x ;)24:45]
?

= π ( N(x) +텔 × 2 <x)) : ∴ENESR ) .-SxR = π … 1①



ID N = 2 Pzlx) = afp
"

dy,P ( y1S -
%

p
"axa Pa) .

δ (x×λ 2-zx )
㎡

= aprnax, ↑" )

미시
* ) = *x( x207

¿
(

,

- * + 2x * - 2x
N= 4 -

AS N - →∞ ,Alldeeaileddistuibutloninformationevasedand

PN (x) → ( x /- ( *
:
(*3P값

<x ,
protor

ㅣ ) →

"
O←

\ : Higgs
Doe to C

.
)

.T
G/πT

∵
∞

Poissondi)tributTon

: when sometbing happens discnetely with smallProbabillty1 for a continuous

time t
.

afl dark matfen

λ 10 -
30 w - 50

exl A block of 235W containing Nu 1024 atoms (a mole )
each atom has a tiny probability for decaying λ .

>dp = / ldt
I

,decayrate1235
Uw
3 × 10 -

17
/sec tu interval

I . " " . " 'f

(
If decay ⇒ 1 .ot = λLIN

ot = π
/w7∞

'

If not decay ⇒ 1 .λt/

: ) prob of seeing nodecay fortime t:Prodeay( )=ls ( " ←)↑= e
-λt

s ( Half time ) Prodkcay (tia) = = e

- λ
ti2

.

: .tilz =
*n 2

≡ 0
. 71λ cf) e

-xt =
ee/다

τ = l :fetime = 1 /N
.

i :) P.decay ( t )=lisAe
/ - t )↑ -

! 1 N = - te Prodecay ( e )
= λ t e

-t

Pa - decay ( + )= 있댐) ( "*
) ↑

(살 ) = * t= 룹 P. o - decay( 9 ) =←): e
- Λ

.

:

Pu
- decay(t )

=λt)
쁨

. e
- λe

… Poisson distribution



.Pm- decay (t ) - I ( taor expansion ) + Normaized nicely
.

( m ) = 높 . "m Pu ( + ) =옳내
e

)
(ne

- t =에세
(
매

e
↑
, Λt = 1 t

<m> = Σ m =pm( + ) = 세 + 19
.

" δ =δX+ .

< m ) = 1t
.

fractional ermorm , =

t→ o as t → s . ( prediceon )

Q
.

No - decay prob at m - decay prob 의 정확한 정의 ?

Due to the central limly theorem
,
Poisson distarbueron in the Cinilt of laage #

(mroco) )
m = λt ( 1 + 8 ) δ = m

없은다
Pm (+) =

세쁨.e -
서

My∞

'

1mmm
e

-
m

(stirling
'
s foumula )

L m = 1+ ( 1 +δ )

= rAe
+S(

+ 85 개
4+8 -⇌

F en ( 1 + 5)
lt ( ( + 8 ) - Ʃ

=
- (( 1 + 8 ) +Ʃ ) (δ - 2 δ 2.… . )

=⇒ Pu (t) =
e
- *1t 82

( 8 = *
m-×+ = ( λt8 + * /1t82←- )

」
2π λL

.

sums = 서
→

= - e -
"

[ δ = lT
L1 s

Λ
‰

Greatl . CLT works
.

Taylon useless osefol

a/미목 ) Decay of the unstable partide dp = 11 dt
.

Purdecay ( + ) = lins
∞

[ 1 -
π서 )

N
= e

-1 t

Precay - I - ev
λ t ( ∵ . 찮서 ( - * )

러
= - e ←

서

)
No : nomker of particde ay t = o

1 33 ,- > Part" cle acray



( decory
rety

P. 4 ) =(장 )(
씀↑(

-

"

nondecay e
- t

[ N + ) > = *N . PN ( 1 ) =N. e
-서

.



Binomial distribotion

잖
a

"bm
(삶 )=( a + b ) "없+=며

「 ①

뜨렸짱(서까값am늙.)값"tveay

찮 BN (m ) o
,
b as

Ls properly normalized .

in dependen 1
= /va Catb )

N-
= Na

variables

a : prols of winning
.

② < m2 > =Naz ( N 1 ) + Na (Same logic )
CLM

Bu ( m ) *s ππe -
(

m-쁠
③ δ = [ m<)-) "

= .
2N + Na

- naci -ar ) - Nab
1 Bandom walk

Sminning 2 = Imo -m ) > = ( 2 mrN ?
= NCa - b )

Iwinning : 2 iNab atb = 1 ← - Var ( 2 m ) =2382

*fora fairgame ,
a
= b : s : Thesitvationfalls intoIDunbrasedeqoaal

σ e fora - b = l / a step random wallk

= N
*

a→ o b +|

For an extremely wafair game
.

Cano , buy )
a =
*
H
→ o

limBN (m ) = l. (삽 ) am ba
- m

=

서
)(me -
λt

. x poisson
.

N. a =1t - fixed
.

NsO

Statisti cal Mechanias mvolves

Sus or average of a sevies of fluetuations ( Bandom steps )

SN = ,
"

l. Iei = ± ) in coin flip) = # heads - # tails

Coin flip SSN ) = 0

T) N = 1 S ,
= ts or - 1 ES.

2 ) = π)
"
. * ← ( - )

β

: = 9

Til N = 2 S

2
= + 2

,

0
.

- 2 < S22> = 2? x + 0 . Ʃ+ ( - 2)
로

π x = 2

:

ii1l N SSw.?
.

= 3 ( Sn - 1 +la
) ) = < Sw+

2 > - 1 = N

= N - 1 이면 (무학적3]농업 ]
∴ < SN

2 ) = N
. OS = < SNEY -SSN = N

.



2D coin flip S' = 늙
"

e고

ES) = 1 ' 44 = 1
.

심 Ψ
purzd

:

( S) = < ( SN←* β] =( S " )+ | ( : < (.e;) > = 0 ) J . N범확용
: SS* 2 > = N

.

N

Oaw = o for 1 t1 > = rNL, ttl = h

⇒ Repeay many random wallk ;distvibutionofendpoints look like gausssan
.

ON = N . L " if L 1 * I -→ I

Scale invaviance Zoom ovt by factor α
.

Then
,

Gn = u.L 1 us

I) L + * , NTAR .N A ON = RNL FTEN . *
ibuar

# of sleps to reach distance of N ?

WeneedN 2steps toreach fiptance of I0
.

π
. Tot o 에 #ofpointsinsideN

- sized cirde nyoz

steps to reach distanceN (10π )

⇒
steps in stae area

√ Nv
2

= |

→ Drunk men come back to home
.

< 3 D dim ) Still need Na steps to reach diseanceµ
\

Total # ofpoints inside N sized spheve
~ IN

3

…
steps to reach distance µ

~√ n - + Cann에

steps lu stae area
go back
home

.



. Micro Scopically coin flip
,
poker game

,
dronkard ' s walk

.

'

: Eventoally same
.
In = . L whose disturbution follows Gaussian .

Δ

N- y ∞
,Distance scale 37 h → Universality

.

< Diffusion > Lvey Im portart :

. Ney spreading of paviles due to Bandom motion

tellsushowsystem of random walking partides approach equis? briom

'

.
i

'"
. Ain mlecule

-

∞ 근"
Q

.

How for a partide
"

.

"

can travel

ㆀ in a given time t ?

⇒ Classical mechanias fail
.

Wecanconsider a collective motion of partides ina continuumIimit.

Cor cong distanee limit )
o Introduee p cx, es as an evolving density of Partides

,

or Propability

density
.

. Consider xct) as patide
'
s postTon at time t

.

In time 4t
,

Position changes by an increasement bf!

l9) = random vaviable.
x (t + ot) = x(t ) +l(4 ). and associayed withh the

probability x /l )

for taking l+) step
.

더어 )=게! ..
eg) I - p randos stwalk

"

β ( x,t) ←함원 ←. de. &( x . ←)-β. α
,+ * e=을 1 l= I

사
≥끼 + flwctwallon

t. . ) x/e).
X/l) = 112

.Assumption : P isponlyvavyingwithwespece tol-f
s Macroscopic propevty P is notthatsensyTve to the microscop? c propecty

, mean of l
,
= O

.

⇒ t( ←…=J . dexce )- S .de.exse )

I Normalized , 1 +* fde . e
= x(e) ←.



⇒ Dt. α 원 = 오
⇒은 = 2 t더 (3Ms

,

az .

≡ D
,

diffusion Constant
.
=넓

.

1

원 = p .. Piffusionequatrow .

Now
, Let

'

s solve !
/ in k dominl

- DK
β 런

1 )β(x . ← ) =Pa(e )
eƩkx .

→ α0원로= -Ds .β (t) :
.
P.nce) = Pa (0 ) e

' plane wave soluyion
.

(B 7dif )
α

⇒ ocy,t ) =π
.

"dk.Pi ( t)
e리

ex) Let Partide Ts at x
.

al ta o .

β (x, t = 0 ) = δ (x) NeEo ' s- .

spread .

'

whilah meoenow in kdomarin

β (x, t = o) - 8( x
) = π
S

"

ak eik*/(⇒ P. lo)
<x> = 0

.

비
σ= aDt

, (f) In Q
.
M

.

P (x
, t ) =*fdk .

epc
"

eicx ait
. e흡서 t . e

리.

( : π( t18 f &
DK← ) O =

22tt
=

4π+
. e

-…
Greenfunoflon methed

= a . 습 = Aiu
.

… Bando.

0엔
.

{
. Average flying time N≡t/bt walls

「

ㅇ ㅇ

ㆁ
∞ AVerage bistan e Congiislency

xt. Alerage veloclly …
ㅇ

ㅇ
-e
(k -레)

1 4
t

. Associale ot rith coll : sion time τ sakie
aFrzs)wiith mean free path

eax
π

exNc
p = 옳 = 도 . = i ‰

. P = 10
-9

m/s sow typical molecole in water
'

Let σ =Dtw 1 m s t 1 ," 109 sec수 3 lyus
.

. Suppose pactides Tn random walks are consenved
.

I8 pcae) is conserved
,
PCx
,
el should satisfy the continvity equatTow.

⇒ 원+ * ] = 0 .
s corment

se t 0 .j
1
= o

.



원 = 미짱 = - 습 ( -윙 ) : J = -
…

Ficks lst law
J

one way

<
Another approach

>

"
* β

.~:
Inpresence of f

,

the pavyide responds by moving withthevelocey
v=
n MobilTty

s causes the net dvift be o
.f .ot .

> x (t + ot ) = xce ) t AFDe tlce )
.

⇒ repeat sioillar step ( 25 E ) with new term

we get 원 = - α F * +). = - 뷰 ( ㆍF ? - 급 )
키

EXample1 . Pactide in the room
.

a) No external fouce . F = O
,
me ane in cquilibriom

. ( ⇒ 은 = 0 )

0
I Py = P. + B . x =

Pnseevenlydistribured ↑
y : "

tbroughour the room

EXample2 .GravlyF = ng.
,
In eq vilTbrium P (x ) = π

⇒ 0 =
α

숍 = 6 mg
2* + D더 Pxlx) = A . e

mgs+
B'

o

1 density of the Gainmolecule

⇒ Px (x ) = A . e -
mgr

= A - e 음태 X e
- E/kBr

( from somowhene)
_
E = mgx ⇒

「뭉 = KBT

Imagine a small diffusingpartidein adilofedaiv ( 유0자)

so ㆀ θ

diseance = (틈) (6t)
"

= F -bt .m : net doiff = 6F 6t
.



⇒① □=⇒ D = 1 2 θ=/미
= ms

⇒ = Ψ mtE . =ZBT ./ 6 = 2
t

=

t)(im = n 나

Brownian motion 1. pllen

Bandom walk of a lange partidedoetostochasticcollisionswiulh small en

Palt: de . s
.

ss
collecton of tbese small kides

causes visible macroscopic effect
⇒ Einstein used browncan motton to derive NA ~ 1024

m .est δ . e= FT Fs
_ ) To measuce f exerimentally

→

f - drag coeffrcient
,
ormobility = IF

foandem
-; 어없, = 8

.

is

hero vempuyeve= XRims

e= 2 x. = Zit ' .wheremdeit =FAgain,
①

없 (*∞ ) = δ+ -* ' :uat FB ) xthen ,takean average over

moleculanclti5ons

없 ( * ) . δ> = <$ 27 -m ( * . t '
>

-t" y + m( *'
0 . ( Covrelaryonx )

∴<π
: δ ' ) = m 6 (

π; ( 1 -
e-e/m )

I8
t

37m θ ∴( x . ← " ? = m f ( zy .
①

→ d
( x끝 = 2m o <δ

" >
.

(*02 > = 2mf E $27 t
.

σ

I Aums = < iz) 2m a t =. D = FEMRSD 미 O= M ( >

= 1 m<z ) =3KT = 3 *
NAnl 0㉔



. Random→ Diffusion→ Eqoiliboiom

at some point
,

the
"

macroscopic Popertjes
"

of the syzlem stop changing
.

CFstartic

FrommacroscopiaPoint of Views
,
the Probabilyydistvibueionofstoles

does not change : on all possible states ave
"

equally -ikely
"

" Phase space
" Δ

s Imagine we have N particles
,
wich no Tnternal degree of freedom

> q Ʃ( t) ,
조

( e) 3( 고= 리
,
2
,

: µ ) : E6N + 13onNit 로 trajectory
^

⇒ Getfting exact tvajectory is humanly impossible . ; stoase .

>

Chaos

I 160 phase spaee )
⇐ _

√

θ - recoll angle 8 심 b = Tmpact Parameten

b = BS) ….Ibtcoliision
o β-

2nd C111510m
Ibt6 b = B

.sinf+01
스 BSin )$← BθCos θ←.

⇒ bθ=,"Bob for
cos () =θ ( 6 )

. 60 ~
Now
,
lee
'

s genevalise it :

Dθ ,
2 Bob) . ob2 2 eDor ( Bough estimayion )

⇒ DO2 □ oba o θ 1 60N =(e
)

a,Ns|
:

N Colli 5loms fypically , l n107 m 1 음 lo
B 2 10

- c 0
m

⇒ DON M IO
3N
DO ,



Even if DD , wlo
-3
,
afyer Juse I codlisiom

,
o θz is vevy hoge.

orulm
LAB

e
시)

m = I 1kg

' ns
d

en 1 o -7 s

dmm gas

ran lokm
KAIST Maron ~ / 0

-27
3cg

OF =Gnrmaon( Manyor 10
- 50
k ] ob

= A τ
2
≈ 10

-4ow <s Batom

d = m
또10 - 0-500

n
lo-

23 m
/ s 2.

Db , im 10
. 41 ps

.

o θ , n " 5 o -
3 '
m ( Bm1 O-

c0
m )

DDN W IOBN DO , Nwrlo
.

δ,

He rn krlonpom
osm1

Maxwell 's understanding of equilibrium

type ( fype2
1 ) Bandomly picdeType lParside

、

、
s ㄺ " 2

㎡
Q Ua

mz 3 ) colji de each other
.

④
As long as O

,
ws random

,
( )= 0 / m ' m - m

" -

2

-

m,)0
+1 .⑫ ) = 0

a coS s θ>

( o '
,
u2 ) s ( Vem

,
Ure , ) ( : Sot . n ) = 0 )

mmUtmz
|;-일

ISmiv"
y = I 5 maty27

.
. Nontoivial result ! !

For Quadvartic mode

> 23 KBT = ( EqoiPartifson theovem )

. Illostvale example

¤

. hemm. .
.

"
없

,SP
= ε

volling ball down the hill

friktion µ w 6024

o Snip > ~ /Nn = O
.



Bandomnessofvelocrties ofcolliding partdes iscalled

"

Moleculan chaos
"

[ Su.> = 0 )

Supposewe have Nr l 024partiales s 6N dim phase space

P ( Pi, 위 ?

…"
,
Pπ, E : ← ) = 싫 R(ε )

2 I8 p artides ave independeny
.

pt"on
에 θ resolviionq + 6 q조 DUn ④몰]DE)3foreach않 !+D:

.Befpresent a polnellkepayialewith a boy
.

¤

IOnceryoiim -y 있 역 Un colre landed scolvelased
.

↓
㎥

∵ mz
approximartlon

SS ↓
ㅔ OONnDGO, -103µ00 ,

pi
"
- 1 op

= Covr se

guoiimning
Oncertilyyom.1 P ,

s Erase the initial memory
←

된 ( Aftev one nou -twocollison

*BoltzmanntH- theorem

ImlvoducePast ) , proboffinding asyatein
a"

and Tab ; transtionraye tou a tonn into b
.

d =동 PH (GNToa-동 Pal Tab

Assume
'

theprimcipleofoeearledbalance
,

" :Tab :Tb

)
dt- 급 Tas( tn( ←) - t .cer )

① Suppose mehaveanly2states
. ;e= Tab[ Pb( e) - Pales]

> limyPact ) = lisP ,4 )( equilibriom )



For N states: definethe Euamity 44)

: H (t) = - 동Pace )enPace )wheveƩPae ) = 1

⇒
d= -동 en Pat )

=동동 Tas ( pake- Poei) lapale )= ☆종동 Tan /lp
뿐)(a)

닐↳
asb

Iny is monotonic fon onTnX .
half som

그 ∅

: f 20
. …

Boltzmann
'

s H - theorem

Equilibuiomisreached when e= o where prob fou all sfayes ane same
.

→ Not time - reversed Tnvaviant
.

dt → - dt
.

?

Q
.

Voom femp Botzmann distvibuyiomLλ - 국다이.

The shaotic time eveloftos mapidly scramble whether kmowledge me may
have abouy the n 'tialconditionsofoorystem

,
leacing us

effecyively knowing onby the conserved quatities
eg ) E

.

☆
,

←?…

L Micro canonTcal Ensemble

Statisticalensemble ofallpossible statesofownsystemthary bas

an exacely specifted total Eneuge E
'

. propevtles of je is obtained by awanging over the stayes with

eneugy in a shell
.

( E
,

ㆍ + 8 ㆍ ) and S ㆍ → 0
.

< O >E =

SESuED
,
R ( E+SE

dpdq θ (7, 6 )
and SE → O

.

{ SEEUSETSE dEdp
obseurable

Idpdqcus
ε+컵

( 0
,
6 )

\



Focusonadealgascatomswith short - range Intenactions )
∠

neglece f interaction
For ideal gas

,
alltheenengyInkineyic cneugy

. . Micro cadonical Ensemble ' :allpointsinthephase space ave Priori

equall y - likely

. .
the postulate of equal a priov:probarbitoby

.

Configuration space : Trivialassuomption to honturvcal resolt
.

. All theconfiguvationsaneequally weighted
.

. Fon M particdes
,
in a volume Wa L3

. Probabillyydensily : P
=
i

ex) 2 payiles In a box
.

whot is poob thay 2 particles ave found at x 30 ?

⇒ 0 =
)(4
= i π

,

the volume of phase space is
-

=다다
,
디를 =π s :

: P (x70 ) = P .4 = it is i π \ 2

Forgiven2 Nnon- imyenacting partides " x24
in a box

,
Whay is Prob Pm fon finding N + m xEO xE O

partiles in x , o ? x 20 xCD

λ . P=n =π
xco l aso

oim Nton

N N
. Phase space (x 70 ) =이크

) "

이 있을
_ N(m )

2N × (* ×)
~"

, 삶 ]1



=

,(
)는 "
다

(
랩

)Pn =Pa ( phansprcefo' suem pactides ay xsd )

= 닭이지 ) > Non zen. !

pou ()". 2π n = 2
-2M

.

2µ ) :
=
22
n.

[ e)장. 2π× 21µ

Ntm):
(
N - m) !

① (씀 )
+m(μ

-m
)

µ
-m2

π)("
(

10+ m)

× ( N -m )

E? π (Nem
,
/r - Ney! ( e )?

(

-y "wken y ε !

≈

πin -(
+

) µ(engn /
e

- y " =
. e
'

. Gaussian
.

) ex =ens . [ 1 +∞
)

"

, 개 ≡ θ ( : C. LT )
in a lauge Ju iraiit

.

①= (- y. ( It jrwm
. (

- * * )
um

- < m 2 = 0

- on= t on a π > 10
- 12

,

negligib/ e

N = 1024

SMomentom space 7 :totalenewyyε

⇒ E =2m 3' 취요 ( x
2
+ yz+ - = B2

.

C. onsyrarin+

→ sphere in 3N dim space→ β1 … . +Pyk = (m,
2

→ - 1 ) - sphene
,

SBN- 1

Jppa: fp .pon fdro
= 2π)(

0( )
I 30
'

) π92
-
,

wolune '

= Id Bd π d /z

= . Bap ." …
2π

d 1z Ils) "

Ild " )

^

*피1j Pzx

N δE
. vol of 1) sphere of radius B ( h = 3µ )

=

µ ( S) =

Te(z Be n, ? Pa
π ) ! PN L

BERME



. Volofphasespae in
(

E . E+δ E )=
E (

S

β 더
) δㆍ

3µ

= π← -

3µm ) (2M ㆍ )
"- 1

(3µ ) !
SE O=R = if

= A(E)

So
,

whoat istheprobdesity I (Pa )thayonepartialehas amomeryum

ㅣ Pix ?
P ( Px ) = volofphase space of ε

X ( vol of phase space

of E wth Pix )
volume of the phase space of E will Pix
=

( dµ (
s
3

m- ↑) J δ E → β(P.) = BNMGSkN
에n π (

←리
1)
: 1 knE)

β이에

(~> ! (리OdE
Wo 1 of P. S . (with E ow+ P.x )

β ( Pa) =
vol of p

.

s
. (E )
_

# .
e

-m
3

µ

Δ 1 = ≠ x $ - zm"
)

←
" 1

↑ RmE( 1~ )
∴ β ( P× ) =

2πM (sNε)
오
"

=EN

↓
s Pax ss ) f e dominast.

IKt
Ekm

Pix → P(" + Py + P ,: β ( (P; ) =

πL (*
e
) ]
☆ e
-
.
2
E

Jdsp . . (1 P 1 ) = [ ) =

Twosubtle refinemenf

1 ) Dimension [QLE) ] = ( Ilength ] ( momentumJ )
3N
s Same dimension with planck const b

Mone im Pobtantly
,

there is always somemeasureferprobabillsly precision ?s

limTeed by some intrinstc resoluyion ( 08
)3 N ( DPBN

48 )( op )22 b



-
2 이 0 ( ← ) →Rner ( E)

= 이 ( ㆍ )

26 Distinguishable us Indistinguishable

s If partides are Indistinguishable , RLE )
→
IE)



Temperature

. Imagine we have two different types of particles
,

or gases
,
that Can infewacf

Question : Howtheenergyofthe system is distributed among two

distin ct gases in Eqvili bri um ?
θ

티 ㉒ We need to assure thar tho systems are

weakly connected ( factorizable Phase space )
Vi N 1 V2

,

µ1
'

sub systeml sub system 2
a A PantTcular state of the whole system ( S

,

52 )

?
「티

^

Ʃ
Each of those states has equa ) weighting o

'
>
( Then

, Whant istheprohabilly density for Ist

n si
ㄴ

subsystem has a particular stales ,
3
?

⇒ For $ 1
,

5a )
,

PIS , ) α JS CEZ = E - E , )

Q
.

prob density for subsysyem I to have energy E , ?

β ( E 1 ) α R .
( ← 타 )-

Λ / E - 1 ) > PIE ㆍ )
= RI ( n ) β리ㆍ -텍
R LE )

Where β ( E ) = fdE ㆍ R
, ( E .)

(

R . ε - 1
)=δE

.

f"dqd ( ECUSE터S ㆍ )

We KNOW -RLE ) NEN where Nr 1624. For lauge N
'

⇒ α
.
1 E 1 )Rz ( E - ← 1 ) = E

1β N , ( E - E (
)
3
/N2

. λ g Λ
>

⇒ log [ E ,

βM
/ E - E,) β= ) E 티

☆ 지 (* logu,

n 10 g - 2
.((← ) l. g-R( ε (

* ) + 황( ( .g2 aR=] | 1 - (
* )
"

← … ( : expremon)
ㅣ

1차항 = 0

⇒ EG
3µ M ( E-

티)3
λ " ~ #-exP /-

22타) ㅇ = E
*

3NMZN 2 vN
?

"
En N = .

{At temaximm. ,응/E 티.
E
- ← )) =0,했

*

일했 "듦없



Genevally
,

ae the maximum
,

β 테,θ=
(

제 ( 템
)

리텍(음 ,없 또붙 ]
뒤 2

.

en- R.
( 티)=

( *=겉밤2( ㆍ기= *

'= ε en2( ㆍ)

* = 겉K [lnR ( ) ]=whereSeq≡( B lo-R(E)… Entropy

. S = S ( E
,
U
,
N ) can play a role of theamodynamic Potential

- ](v .v = ÷
(:].N = * ⇒ P = π무 =

)..( 젤)ㆍ v=
. α틈)( s

.
N

v]( Gr

= -

µ
(

u= chemical Pofentlal )
(합 )

,
업] s[ 급)×

=
- )

so
. µ = - T. εα )= - ( ).v. (렸) .

=( ) s√
7 Whay is themeaningofthefTxing s ? ( 등엔트피 + 안엘 ! )

3µ

Ideal gas R (E) = VN CEEBN) π3
N
( 2 mE) 2for ( ane(

ω
,lvgN ! =Nlogu-N

.

(23µ ) !

⇒ Scq ( ← ) = KBln2 () =N [ logV + log3 v4πmEt 3] + …
~

_

S
" S (E ) = NC . ( 10 g i +2 log m e )as RT

: ) * = 끝FN
☆

NKB.E ∴ E =
I
3
NKBT

따 ↑ = 웨I( = NKB =S PU =NICBT. .Zoealgas law



pefinionofMicrocamonical Ensemble : Allseatesaveequallyikely .W. E =fixed.

리 R (E ) → β =
RC터

Eneugy becomes ε = 놓
µ (Non- velayiv( stic )

E = m
(
4 + p βC2

녀

, ε= m
+

pz ← [
h

점 * "때

p 1m " 끼

relayivistic iobal gas : E = P$ . + PN ) C π
E
= 3)BT

(-
Re
' ε ) α f dS / C . P , + … . + (Pr - ε ] =

E3Nf π4 π d :
δ

/ E (Cip ; + + C*-→>]
= 4π d β: .β:

2

,

β2 = EP은 E 8$ = δ (ㆍx)

⇌ E
3N1 ( sonetting on of E ) α E

3N
- |

√ E
3N IN ~ 1024 )

.

S = KBln -Rel ( ε ) - π

=끝 =IC βten
.E 3 N= 3

µ.
B

∴

π
E = 3KB

β ( E )
=β더ㆍ어(

음
( ε )

「더
)

= R( . [ R ,
π) X R리ㆍ - ← 1 ) ]

∴ 방같이
.

=엽 JE
.

α EG
3ε-1)L

. MaximmomEntropyasprinciple : Toderivemove usefol propeaties
.

⇒ The system is expomentcally lilelytobethe state of Maaim om enmvopy

. principle ofMaximomentuopy
.

Now , let
'

s use this principle to devive BoltEmann factor
.

ㅌ

ㅌ
- SPIH - Em Um E = 닭 E. n 로

,

N = 옳 n는

_
: : If -we vandonlypicka partlale

,

N 「 ,
" . " what ? s P (ε : ) = ?

σ

paviiales energr levels



. Now
,
restvicting to only numser af pavyicles foa now

.

s P = in

. Then
,
Imagine the spitting of IN into m groups (Eneogy levels )

⇒Total nomber of ways I = NBM ,
TiN - n . Anax… =

N!

R. . na ! - . nm
!

- →en - 2=Nenu - 0-늙 (nilnn:쪽 ) = NlnN - Ʃ n: lap:
_

π 2 n을
= N혔, "

i
en ()

Now
,
ley fr ≡

=
,, fr =1 ( prounbiiey)

⇒ en뉴
=

- fienfr-a( 2 f : - )ccaguangemultiplier )

TMaximizetuls
⇒
2.) - - ( Henfl - a = 0 ( : principle of maximum

:

fo= e -
α - y

entropy )

1 = 2 f는 = e - α - 1 = me
1.

⇒ fi = π= π× 씀
- ①

Now
,
Anothen 519valoaGnstvainy ( ε isolaled )

Aend - Ifrlufr- α 1) - β ( = fiε :- ε ) = 0 ffa

⇒ ,
음
)"s fr= e - y

-a
. e

- β Er ( E ≡ E = Ʃ εƩ( )

⇒ 1 = Ʃ f: = e
- 1 -α 찮 e

- βEr
= fr = e열 = PEE: )

= Z
,

Pavtifon fwb atloa
. Entropy : the mosy infloemial concepy to avise from statisticalmechajics

( Not included In Mildtern )
. It has vavious Tplevpretaflons

ex) A measove of ① disorden

[ ② Ignovance of syslems

③ Irve weasiblsst7
.



1 ) Enevopy as a measure of Erreven sibilTty

An oviginal interpretartiondevelopedInl 9 thcentory,where
"

heart
"

was the
㎡

main foum of energy
.

ex ) Stcan Engine : transfer the fuaction of thehenyengy
from hot Stream Tnto work

,
boy soame of the heas

chevgy
always end up wasted

.

A nayural question would be lile f5is
.

hol streano air coo) ing For gTven heat Q 1
,

drawn from

'

ㄱ
worler heay sleam

,
how moch wouk W cam

be dove in principle ?

Hot barth √ cold boyb
work

s whay Sad; carnot In 1820
'

s was

ipterested
.

-

Caumot' s importaryobserwarTon was
6 Theve Is a maximul efficlency

depending only -on tempevnyore
of Steam ( hoy bath ) and ain ( cold bam)

"

and he realised ( in 1824 ) that the most effiosent conversion

should innlve only in revergible process
_

L) 계간 IPoevesisible 과정 포함하면 max efficunay달 X
.

* *CarnoyEngine
.

Hot bath Q 1 T , oIf was designed to move piston In and ouf

tbk P ^ a

in 4s

、 ㉒ ⑪ T,
⑤ EXPanding piston

,
T, hepf constany ( Isetherma에 expan5jom)

cold bathts T2 ④
오

W
θ b ' Heat Qn floms in

③ Coolingdown ,bydatiabafle ex Pansion

TZ ③ a

>
U

√

Heafed w1p
. by adiabatic 2 Compressing piston

,
t2 aptConstamy[ ISothearmal

compression I Heay ①2 flows ouf Com pression )
㉕

{ ( : =
.fFdx )I Pre to eneugy conser valflon , ω = Q

. -Qe ,Workecamot
' sd

.

cyde Ade .



Fou ideal gas
,

PW = Nkist
.

[ E = 3 NKBT = 3 PV

① aeb) Qi= En - EatWas
=

So " pdw
=

Jalu⑬ Tdv =N.T , e/쁨 ) 30

③ ( btC ) woleisdone by inyernal enewgy : Wbe = N / kB( π)- T2) > 0

③ (+ d )Q 2 = NKBT 2en/. ) postive workcomenstrorn

④ ( d - 2 a )Wad = µ k,( T1 ~ T2 ) Q = EE +W
_

투입된열 계외에너지 별화 재가한일

s Whaet :WWabtw -Wac -Wad 제 U끼리 관계 찾다
.

π⑪ = NIs en () * = Nksen (. )
⑦ 1- Q ⑫ f (

T
,

Ʃ)

" γ .. " -Then
,

ε ≡
Q ⑲ L

, 부근 조건이 필요한가 ? 공

관열이생기체: dw+ d ε = dQ= 0 . v *[ !)PaV = .JnTtdu τ 3 NIKBdT
3

" 1 = , ε= - I
= TTY 41 .n = vvd

. -Latev ,Sclentistsdecidedtedefinetheentropychange(Ds
to the natio of heay flows to temp . DS ≡ Q
Clausios claimed that there ane 2 sooncesof Flust alefinttion of entropy

entrepy increases
.

In trodved oy Bo dolf

→ Fanayion of the state in that TtTs computed by colleceing two states Clavssos in 1865 .

ㆀ
① Iuvevers, bil「 ty ③ Heay flow whose pathoisnevensible s DS = frer T

Jlelydeterminesthe entropy dif fevence fou rewers, ble

praces
.

s

) In Caunoyengine :ASto + -S
+ DScdharn + oSyas = 0

.

ㅜ



Fou state A
,
B
,

규oA loreiiou ! ! !

A → B : SB - SA 2 O by 2 nd

law of thermodynarmiles ]2 개동시만 독 ( E) revarsi ble

B - → A : SA - SB 2 0 ⇒ SB = SA : OS
+,

= ①

for heverssble
.

ε=
⑦ 유, = *
-Ts

: maximon aff
.

Why iy is maximom ?

. Better eff invosues mone heaas flow from the boy bath

행보기
Q2 = C

. E) Q ,
s Erew = ④ ( +

6) - Qr
= E + Qit ( ra ) 7 εQn t Δ

new

Then
,

1
ΔStt에 =
π
Q+0

-

⑫
+
DS %

S=- ( 0 . ( violares the

Ind law of

Theumodynansia )
Whew = ( QHo ) - 2= W + D ( monework )

I he coan use extra wonk for puling Qn
L
) 이럴 에어진의 통력 ( Q2 역 방향 줄어내서

out of cold bath and Porting Q ⑪ Q 1으로버리기 )으로사하자 ( ? )

back to the hot bath

→ The ney effecy is C. +∞)- ⑦ ,
=브
only thiisheayextracted

dalto
from the hoy boathand direaly

Io-Q
"

goes to woluk wilh oor being woasled

. ↓
a= → perpetunl moyTon macksne

"
불가능… . ? (직어도 여기선 )

2) Entropy as a measove of Aisoader
.

Inmjkrocamonical ensembleappreaach
,
Sa kBenR

.

( Functionf E,V , µ )

E,W, N = constant
Boltznann entropy

J 고

* = ⒗Jv
.
.

da = dE + dw ÷= ⇒6 s =fQ' _

= Pdl

⇒ d Q adE



S = Knenk = -kBln =-

ks
ngen = -K 2 . 둘P bup"

all the startes = 2
.

:
S = - KB출β 로 In β로

EntropyofMixing.

-
- Gibbs eptropy in 1878

.

㉖
+ * 2 √

}

θ

ㅿ O
√

⑲
√

Bemove parfjfion
□

□

⑲

⑭

∆

ㅇ

-

⑪
l⑪ >

.

⑪
.

.

⑯

σ ^

N/2 N 12 '

'Freeexpansion "[ ZmU 2 ) =KB T = onst .

Sum-mixed = 2Xk en3
* mE ← ) 0 = 0 Q = D팅 -생 ( 0 va 9 )

Smixed = 2 x k enuten 3 .4
πmE +

2 ) ) as = NKBen2

)
. … Entropy of MiNing

.

¿0

.

. 이업 .'
semi .ehmeablemembroretpressue (h료, ) : OSmoti ( Pressoe (삼투양)

x
θ

⑩

ㅇ

.
℃

Safter =4 tko /enV + 2en3에티그 + 23 )
Bufting Payition ⑥ ㅇ

℃
-

@

bask
4S = - NlaBen2 .decreased

DS 3
,

① ?

< >
(계산 )

(직관 ) 무엇이 맞나? GibbsPacadoy

Let O = ⑪

→ os = o

… ∆ - ℃ ㅇ
∆ 직관 '부 예상

.ㅣ
remove ]… □ ←

℃ ∞

pot back Pavypyion
식
DS = 0



IUKBl 어2
_

ㅇ - ㅿ 1 ㅇ
∆

실제 레산. : 1 . .

remove ]←
θ D …

「 pot back Pacyftion

OS=
- NISBln2

해( 답 ) 2 s
Ne

For
identical pacticde. ( poublecunmtlug 제거 )
"

S(E) = NKB en( 유 + 3 en
3*

πmE+ ⑤ ] >으

Acumally
. .

tey 쯤
PCm ) me -ho ( 5

.개

3개빼( ∞
6

⇐

\ 합 :∞: ≈
- 1고 1.

Anothet Ttuyive undeusland ing of D 5 = 0 in ID box

y
ㄱ

∞ oxβ
Ox=Ʃ 이리하자

.

ㆁ ∞.

:

.
.

.
: ⇒

^

I 1 l ' n ' llls: θ ㅇ

ㄴ

\ _
u

. Uncertasly of measuement of P.s)ion= D 8= L 42
.

⇒ α=()
"

2
µ⇒ Shesere = KB ln 2N = NlCB ln2

.

) DS=-NJashz
Rasten = I Saster = KBen | = 0

.

ㆀ

?? ?

>
~ 2
N

.

g Rafeev = 」 × 없] = 쓸 )! ( 의):aulauge
0 iny

Sagter " NKBen2
.



3) Entropy as a measure of ignovance

The equil stateofor system maximizes the entropy because we have lost

all Tnfon marfion about Tniytalcondiions except for conserved quantitles

>Maximizingentrosymaximizesourignorance orboo the detarls of the

system

S ( 2) = KBen? = -Ksln$ = -K ⑬, Zn≈ =
- k3 : P: lap=

un

=
- KBKUnP >

≡ P: ( In cquilsbriwm )

여

10 ,
0,
07

ㅣ 「
For continuous

, s - - kSpenp = - k3 Sen β ) √
cage = -KBJ OCP 조 ,π ) ln β ( π

r

,β 1 )싫 dPㆍ dqc xenx
ECH <터SE

살짝 수정
、 in for mortion Entropy S = - KsƩ Pㆍ lnp: = -좋 : β n= P고

KB 는 열역닥
, ( sbamnon Entropy ) T

≡ inz
- measured in blys ( ks I enz )

"
- shannon used this definition to put a

"

fondamentalasly on the amouny

thartcanbecompresse

. Ss is the wilquefunsjonhoat sayisfies 3 cvptevia

①Doesmotchange if something with zewo prob
,
is added .

Penp -s o as p → o

② Entvopy is maximoneforequalProbabilrt
.

- Suppose We have R possible states w4 b 옳 P: = >

Z, ' ):SIP . , -
.
Pal

O ≤ X의
a
- Pemp

f ( P ) = - Plpp concave flas λ fca ) + C 1- x ) f
( b

_
¿ : :

fub)
f( Λ a← ( 1 - x) b )≥ λf (a) + ( ←λ )f (b )

b p genevalsce to 2 .starl
oaNnt (iy )





HZuPCJ I R 롯 .F( PE )

S ( P , " ( 업 ) = -IKsPKOnPR ,= K ☆ Σ f( P . )≤KBRflz유
)

⑦Entropychange for condtlonal poobasili ties
= -ICβ '

Zen브

exs You
'

re looking forkeysand
ou' ne askin .

= S ( Z
.
. ⑤ )

Your roommate fow ber advice

. possible sites
,
called wiith prob Pis

= ln2?
a

To reduce your ignovance
,

You ask your roommate wheve sbe saw

the keys lagy time 고지의 확률

⇒ M possible locaftons
,

called Be witlhE

o pke = P ( Ak and BeJ M possible locatlons

L
2 Possible 5He

. Cke = p /Al Be ) = P (Ak and Be) = qece Ʃ Cke = 1
1 K

P ( Be )

siHes for keys

BefoueyouwTnrestigatioh :
λ Λ

-
- M

S ( P ,
,

"

,
Pa ) = your igrovance about the site i

= SCAI of lkeys - Alk
,
Pk

- Be
,

be

S ( E .
"

,

8

n) - ignorance about the locafion
_

= S ( B ) the leys weme seen the last time
.

|
_

…

locations
S (AB ) = S ( ra

.

rz
,
" , Vm

,Pal ,rem ) ; joint ignovosce Where the loys
[점제 동무) ) here seernthela5,

SAfter invesiigation ,to have

answetonyouroommarte .
? fjmse

Cre = p (A 컵 ansmenfromforroommate
S (AIBe ) = S ( Cae , … ,Cr?

,
fixed (재금리 바뀔 동북제 )



Introduce expested ignovanceas a measorementofhowusefol Your quesion is
.

D④
⇒ SS (AIBe) > = 동 S ( AIBe ) 8e av

S ( AB ) - S ( β)

L
3 질둘이 엘마나 유오했다고

. Mone ibyvition on Shannon entropy

Tounderstand howcompressionworks,quick vevlew

origin에 ASCII 7 7 biys 27 = 128 diffevetpatfers [ or ( 27 )

e = 101
, & = 38

,
f = 102

| byte

Extended ASCI2 7 8 bys 28 = 256 differeny pasforns

e
=

228 ,a = 229 & = 233
ay tosine Adenine TaymThe

Toy example Guamine

G C A ㅜ

DNA sequenca⇒ DNA fuagment ⇒ 4 Pafter as

ㆀ 이 ㆀ "

10 O 1100 . . Pencove
d

deave
[ h digits )

IA CTG Prohavly )정부25*특점
<

5
이건도 1

유장
)

25 %

A( verage biys me used ]

I 4 7 2 + 4 × 2 t 4 × 2 t * × 2 = 2 bys
.

언
, - e* 2

-⑫

지용22 = 싫2 .enzz* 김

L Maximon for Pr =
2
n

.

= -Ks P: lnP : = - 최 P: lnz β:

→ Ex)LumpyPNAsequence G C A T_

add extror informoation

s ignovane d
L Each portfewn appeans wilk adiffeverypoobablllty50% 25 % 12 .51 % 12. 5

s EnyVo py ↓ ! !

"

음은부음 . CAvene
ny wo red )

= 112 114 Y 8 118

= I× 1 ← 4 x248× 3+$8×
→ ㆁ ㆀ 1 s 0 lil

[ 1 b1) (25Hs) ( 3 5ys)

= - 2 βz enzP는 = 1
.
75 bys

정1



*Move realistlc example
.

In English text
,

each letten has differenefre
.

e t a - f ε

12
. 7 9

. 1 8 . 2 0 . 1 0 . 1 %

5=-2 Pen = 4
.

17 .
24 = 16 5 2 65 25 = 32

π x = ln226 = 4 . 7 .

< proven by shanson , claim >

Sshannon
δ
- Ʃ Pr lnaPr = Miulmal number of brysonaverage

시

1) Tbis is known as the
" source coding the ovem

"

using words
,

S 22.
62

ASCII ( Efended ) > 4. 7

,
값 ,fq

? ng
wonds

_

75 거s

8뉴+ e
for 26 letfob

with Pi- bonsy of leyfev
ㄱ

Compression rath

Connection betmeen infoumation entropy and thermodynamic entropy

- K~
:

P :enz로 x kBenz
' - IK. Ʃ Piln P

:

?

In formortion Gibbs entropy
emivopy

- Wnder fuee ex Pansion
,

Vs 2V

DS = kB enhermodynamic,Informartion
*Landaver ' sevasurepuinciple

( IBM Person )

Made a break through work in 1961 .inconnecting infoumation




























































